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Abstract. Eigenvalue estimate for the Dirac-Witten operator is given on bounded 
domains (with smooth boundary) of spacelike hypersurfaces satisfying the dominant 
energy condition, under four natural boundary conditions (MIT, APS , modified APS 
and chiral conditions). Roughly speaking, any eigenvalue of the Dirac-Witten operator 
satisfies 

|A| 2 > , 

where $Ho is the infinimum of (the opposite of) the lorentzian norm of the constraints 
vector. Equality cases are also investigated and lead to interesting geometric situations. 



1. Introduction 

The aim of spectral geometry is to derive some geometric properties from the study of the 
spectrum of a certain elliptic operator, which is mostly a Laplace operator (Laplacian on 
functions, Hodge Laplacian on p-forms or Dirac-Laplacian on spinors). In that context, 
a classical issue is to give lower bounds for the eigenvalues of the Dirac operator on a 
compact manifold (M n ,g), (n ^ 2). In [5], T. Friedrich proved that any eigenvalue A of 
the Dirac operator satisfies 

(1.1) A 2 > , n r inf Seal 9 , 

4(n - 1) M 

where Seal 9 denotes the scalar curvature of (M n ,g). A few years later, O. Hijazi [9l [TO] 
improved this result by showing that, for any n ^ 3, 

(1.2) A 2 J, jjJL^ , 

where \x\ is the first eigenvalue of the conformal Laplacian. Clearly, estimates (jl.ip and 
(|1.2|) are under interest only if the scalar curvature is positive. In a recent work, O. Hijazi 
and X. Zhang [T2] established an analogous version of (jl.ip for the Dirac-Witten operator 
under a chiral boundary condition, of a compact spacelike hypersurface (M, g, k) satisfying 
the dominant energy condition, namely 

(1.3) A 2 > inf {ScaP + (tr g k) 2 - \k\ 2 g - 2 \S g k + dtv g k\ g ] . 

On the other hand, S. Raulot [16] proved an eigenvalue estimate for the Dirac operator 
on domains with boundary. More precisely, if Q is a compact domain of an n-dimensional 
Riemannian spin manifold (M,g), whose boundary <9f2 has positive mean curvature H, he 
showed under a natural boundary condition (called "MIT" boundary condition), that any 
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eigenvalue A of the spectrum of the Dirac operator on O (which is an unbounded discrete 
set of complex numbers of positive imaginary part) satisfies 

(1.4) |A| 2 > —, rinf Scal 9 +nIm(A)inf# . 

4(n - 1) fi an 

The most interesting fact in Inequality ()1.4h is that the bound depends on some boundary 
geometric quantity, which is not the case for Inequality (|1.3p . In addition, S. Raulot showed 
that equality in (|1.4j) leads to the existence of imaginary Killing spinor on Q, and also to 
the conclusion that the boundary dQ is a totally umbilical and constant mean curvature 
hyper surf ace. 

The goal of this article is to generalise Inequalities l|1.3)) and (|1.4p in several direc- 
tions. Indeed, we shall prove analogous versions of (|1.3j) for the Dirac-Witten operator on 
bounded domains, under four natural boundary conditions (see [IT]) and also generalise 
(|1.4|) for the Dirac-Witten operator. 

The article is organised as follows: In Section El we give our geometric conventions and 
preliminary results; Section [3] is devoted to the statements of the main results and their 
proves. 

2. Geometric Background 

2.1. Notations. We consider (iV n+1 , 7) a Lorentzian manifold of signature (— , +, • • • , +) 
which contains (M n ,g,k), a spin (in dimension 3 this only means orientable) Riemannian 
hypersurface (not necessarily compact) whose induced metric is g and second fundamental 
form (extrinsic curvature) is k. Let Q be a compact domain in (M n ,g,k) satisfying the 
dominant energy condition, which reads as the following inequality along f2 

Seal 9 + (tr g £;) 2 - \k\ 2 g ^ 2 \8 g k + dtr g k\ g . 

We will work with the complex spinor bundle of N restricted to the hypersurface domain 
f2, that is to say £ := E(JV)iq which is given by the choice of a unit normal eo of M in N, 
along f2. More precisely, if one denotes by fspin(n,i) (N) the bundle of Spin(n, l)-frames 
on N, and by p n ,\ the standard representation of Spin(n, 1) then 

E(N) :=P SpiQ{nA) (N)x p ^ C^™. 

Now the choice of unit normal eo of M in N, along Q, induces a natural inclusion 
Spin(n) C Spin(n, 1) and so we can define 

S:=Pspin(», 1 )(JV)|nX ( ^ lW) C^)/ 2 !. 

£ naturally carries two sesquilinear inner products: the first one denoted by (*,*) is 
Spin(n, l)-invariant (it is not necessary positive); the second one which is denoted by 
(*, *) := (eo • *, *) is Spin(n)-invariant and Hermitian definite positive (• is the Clifford 
action with respect to the metric 7). The Hermitian or anti-Hermitian character of the 
Clifford multiplication by vectors differs if we consider (*, *) or (*, *) and is described 
in [13], for instance. E is also endowed with two different connections V,V which are 
respectively the Levi-Civita connections of 7 and g. Let us take a spinor field ip G T(S) 
and a vector field X £ F(TQ), then our conventions are 

V X V = VxV - \k{X) ■ e • V 
(k(X),Y) y = <V x Y,e L • 
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In these formulae • denotes the Clifford action with respect to the metric 7. The induced 
metric, Levi-Civita connection and second fundamental form of the boundary <9f2, are 
respectively denoted by £, V, 9. Our conventions are, for any X, Y 6 T(Td£l) and ip 6 

VxY = V x Y + 6(X,Y)v 

where v is the unit normal to dQ pointing inside Q, and • still denotes the Clifford action 
with respect to the metric 7. Finally we define the following geometric quantity 

9*0 := ^ ™ f { Sca19 + fogk) 2 ~ \ k \] ~ 2 \ S g k + d ^g k \ g } ■ 

2.2. Dirac-Witten operators and Bochner Lichnerowicz formulae. From now on, 
( e fc)fc=o denotes an orthonormal basis at the point, with respect to the metric 7, and where 
v = e\. We can then define the Dirac-Witten operator of V 

n 
k=l 

where • is the Clifford action with respect to the metric 7. Notice that £> can be considered 
as a deformation of D the usual Dirac operator of V since we recover £> = £> as soon as 
k = 0. The Dirac-Witten operator D is clearly formally self adjoint in L 2 with respect to 
(*, *} in the class of compactly supported spinor fields, and we have the classical Bochner- 
Lichnerowicz-Weitzenbock formula (cf. [TJ [7j [15] for instance) 

(2.1) £*D = £>£> = V*V + 9\ , 
where 

V\ := i(Scal 7 + 4Ric 7 (e ,e ) + 2e -Ric 7 (e )) 

= J { ( Seal 9 + (tvgk) 2 - \k\ 2 g ) + 2(5 g k + dtr g k) ■ e } . 

As usual, we derive from (12. 1|) an integration formula. The idea is to consider a certain 
spinor field ip and to define the 1-form oj^ E T(T*Q) by the relation 

u v {X) = (V x cp + X -®cp,<p) . 

Then, computing the ^-divergence of uj v , we obtain 

div 9 u v = \T)tp\ 2 - \Vtp\ 2 - ip) , 

which gives, applying Stokes' theorem 

(2.2) I [2V| 2 = I |V^| 2 + [ (top,<p)+ [ p7 v <p + v®<p,<p) ■ 

JQ JO. JQ JdQ 

We now have to introduce P the twistor operator with respect to the connection V, 
which is defined by the relation 

PxV ■= Vx^ + -X-®y , 

n 

for every X £ T(TQ) and every spinor field ip 6 T(S). We derive a second integration 
formula based on a Bochner-Lichnerowicz formula for the twistor operator. 
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2.1. Proposition. For any spinor field p> E r(E) ; we have 

(2.3) / \Pv\ 2 = (—) [ \Dp\ 2 - [ (top,*) - [ 

Jn \ n J Jn Jn Jon 

PROOF: We first prove the Bochner-Lichnerowicz formula for P, namely 

2 " / 1 1 

\ P{ P\ 2 = ( V e fe ^+ -efc -Sty, V efe (/?+ -e k -Dip 



k=l 

|2 



( -"- ) 

n n 



= \V<p\ 2 --\®v\ 2 . 
n 

We integrate this formula on O so that 

i^vi 2 = [\^\ 2 -- [ isvr 

Jn n Jn 



n — 1 



n 



\Dp\ 2 - / (9fy )¥ >> - / u) v (v) 
n Jn Jan 



where the second line is obtained thanks to (12. 21). 



It is clear that the value of the 1-form uj v depends upon the boundary condition that will 
be used. We will need the intermediate result: 

2.2. Lemma. For any spinor field (p E we have along the boundary dtl 

(2.4) Utp(v) = (v ■ ej ■ V e ^ + ^({togk)v ■ eo • -k(v) ■ e • +(tr^6>/)</?, <£>\ . 

Proof: Just compute, using the relations of compatibility between the different connec- 
tions 

n 

V u if + v - Dip = v ■ y^ej ■ V ej y 

J'=2 



ve r \ V ej - ^k(ej) ■ e • +^0(ej) ■ v^j p 

v ■ ej ■ V ej cp + - ([tT g k)u ■ e • -k{y) ■ e • +(tr^0)) tp 



3. Main Results 

3.1. "MIT" boundary condition. Remind that our aim is to find an estimate for the 
spectrum of the Dirac-Witten operator under a natural boundary condition (that had 
been used in order to obtain some black hole version of the positive mass theorem for 
asymptotically hyperbolic manifolds [HCL3]). It consists on finding a lower bound for |A| 2 
where A is any non-zero complex (a priori) number involving in the following elliptic first 
order boundary problem 

Dip = \tp on Q 
F(ip) = ip on ^ ' 



(MIT) 
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where ip is non-zero (eigen-)spinor field, and where F 6 End (Sig^) is defined by the 
relation F(ip) = iv ■ ip. The boundary condition F(ip) = ip was originally introduced by 
physicists of the MIT, and this the reason why it is often called "MIT" boundary condition. 
Their idea is based on the fact that the Dirac (and also the Dirac-Witten) operator on 
manifold with boundary is not formally self-adjoint anymore, since we have the following 
integration by parts formula 

(3.1) / <%>,V> = / (<P,®1>)- [ {v<P,->l>) , 

Jn Jn Jan 

for any spinor fields ip, tp. This defect of self-adjointness has a consequence on the spectrum 
of the problem (MIT). 

3.1. Lemma. The spectrum of (MIT) is a discrete set of complex numbers with positive 
imaginary parts. 

Proof: Let A be any eigenvalue of (MIT) with ip a corresponding eigenspinor field. Just 
take ip = tip in (|3.1|) and consequently get 

2Im(A) / M 2 = / M 2 >0 , 
Jn Jan 

and so Im(A) ^ 0. Assume now that Im(A) = 0, then ip should vanish on <9Q and so on 
the whole Q, by the continuation principle. This contradicts the fact that an eigenspinor 
is by definition non identically zero. ■ 



For later use we introduce some geometric quantities. 

3.2. Definition. We set 

H^ 1T :=inf lix t 0- k m {v) X , k dn {v) := V k(v, e,)e,- . 

9Q { 9) ^ 

The first main result of this note is a generalisation of the lower bound of [16] for the 
Dirac-Witten operator (we recover (|1.4|) when we set k = on fi). 

3.3. Theorem. Let O be a compact domain of a spacelike spin hypersurface (M,g, k) which 
satisfies the dominant energy condition along Q (so that 9\q ^ 0). The boundary <9fi is 
assumed to verify Hjf lT > 0. Then under the (MIT) boundary condition, the spectrum 
of the Dirac-Witten operator on Q is an unbounded discrete set of complex numbers with 
positive imaginary part, such that any eigenvalue satisfies 

(3.2) |A| 2 ^^^(% + i? MIT Im(A)) . 

Proof: The fact that, under the (MIT) boundary condition, the spectrum of the Dirac- 
Witten operator on Q is an unbounded discrete set of complex numbers with positive 
imaginary part, has been proved in the previous lemma. 

As far as Inequality (|3.2|) is concerned, we consider a 1-parameter family of modified 
spinorial Levi-Civita connection. Indeed, for any a 6 1, we define the action of V a on E 
by the relation 

Vx^p '■= V 'x*p + iaX ■ ip , 
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for every X G r(TO). We can then define the Dirac-Witten operator with respect to the 
Killing connection V a 

n 

fc=i 

where • is the Clifford action with respect to the metric 7. An easy computation gives the 
relation D a = 2) — ina, so that D a is not formally self-adjoint in L 2 with respect to (*, *) 
in the class of compactly supported spinor fields if a 7^ 0. 

We consider a certain spinor field ip and define the 1-form G T(T*0) by the relation 

u ;(i)Hv^+X'»" M ) . 

We notice that u"(X) = uj v (X) — a(n — 1) (iX ■ tp,(p). Then, we only have to compute 
the g-divergence of the 1-form £(X) := (iX ■ tp,(p). To this end, we assume that our local 
base satisfies V ej e m = at the point where the computation is made (this is equivalent to 
V ej e m = -&(&,-, e m )e ) so that 

n 

= - (iV ej ej -(p,f) - (iej ■ V ej <p,<p) - (iej ■ p,V ej (p) 
=0 

= - (i®<P, ~\ A' fi • fc(ej) -ep • ip, cp^J - (if, i®ip) + ^ (i kfe) ■ ey e ■ cp, tp^J 

= - (i®ip,(p) - (tpJ'Btp) ■ 
Using Stokes' theorem and integration formula (|2,2|) . we get 

u$(y)= [ \®P\ 2 - [ |Vv9| 2 -/ (9ty,<p,) + a(n-l) / ( (i3ty, ip) + (ip, &D<p) ) . 
Ida. Jn Jn Jn Jn 

Easy computations lead to the relations 

|V>| 2 = \Vp\ 2 + na 2 \p\ 2 + a((iJ)<p,ip) + {<p,i®<p)) 
\T) a ip\ 2 = \T)(p\ 2 + n 2 a 2 \<p\ 2 + na( (iDip, (p) + ((p,iQip)) . 

Plugging this into our integration by parts formula, we obtain 

(3.3) / u>$(u) = [ |£>| 2 - / |V>| 2 - / (W<p,<p,) , 
Jan Jn Jn Jn 

where 9\ a := 9\ + n(n — l)a 2 . The twistor operator with respect to the connection V a is 
defined by 

n 

for every X G F(TQ) and every spinor field ip G T(S). We straightly have 

|P>| 2 = \V a ip\ 2 --\® a ip\ 2 ^0 , 
n 

and, after integration on Q we get, using (|3 . 3[) 

(3.4) 0^ / \P a p\ 2 = (—) I |S)>| 2 - / (SK<W,>- I u%(y) . 

Jn \ n J Jn Jn Jon 
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We now need to give some elementary properties of the boundary spinorial endomor- 
phism F (the proof is left to the reader). 

3.4. Proposition. The endomorphism F is symmetric, isometric with respect to (*,*), 
commutes to the action of v- and anticommutes to each e^-, (k ^ 1). 

The important fact is that the boundary condition of (MIT) allows us to express the 
boundary integrand of (|3.4|) in terms of the extrinsic curvature tensors k and 9. 



3.5. Lemma. If F(ip) = ip then along the boundary dVt we have 

(3.5) = i(e - {(tr^-2(n-l)a)e + ^^)} .<p,<p 

Proof of Lemma 13.51 We use Equation (12.41) 

1 



u)p(v) = \v ■ ej ■ V ej cp + aiv ■ ej ■ ej ■ <p + - \{tr g k)v ■ e • -k{v) ■ e • +(tT£0))(p,<p 

= (v ■ ej ■ V ej <p - (n - l)aiv ■ ip + ^(ti e k)u ■ e • -k 9Q (u) ■ e • +(tT£0)j(p,(p\ 
Taking Proposition 13.41 into account and also the assumption F(ip) = ip, it comes out 
w>) = \({(Sn6-2a{n-l))-k m (y)-e -)ip,<p) 
= i (e • ((tr € - 2a(n - l))e + k m (v)) ■ ip, <p} 

where we have defined the vector field K MIT £ T(TN\qq) as 

K M it = faO ~ 2«(n - l))e + k 9n (u) . 

m 

Then, it is well known that the boundary integrand ui^{u) is non-negative if and only if 
K MIT is causal and future oriented, which reads as 



(3.6) tv e 9-2a(n-l) ^ k m (u) . 

9 

As a consequence, if one assumes that (|3.6p holds and that Tup = Xip, then (13. 4p implies 



^ ^——j\\-ina\ 2 jjip\ 2 -jj^ a ip,ip,) 

< {^^j(\\\ 2 + n 2 a 2 -2naIm(A)) J ~ f C^W,) 

^ (^r) (\M 2 -2nalm(\)) jjipl 2 - jjftip,ip,) , 

which is possible only if |A| 2 ^ ( n -i) ^ na ■ Now just take a = ao = 2 ^- n 1 _ 1 ^ ff VIIT 

so that K^j° IT is clearly causal and future oriented and we obtain the desired inequality, 
namely 
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The equality case in (13. 2|) is not easy to treat in general, but we can however deduce 
some information under a natural additional assumption. 

3.6. Theorem. Under the assumptions of Theorem \3.3\ equality in 113. ty) always leads to 
the existence of an imaginary V -Killing spinor on ft of Killing number —iao = —X/n. 
If we assume furthermore that k da, (u) = along the boundary dS~l, then d£l is a totally 
umbilical and constant mean curvature hypersurface of CI. 



Proof: Suppose now that equality holds in (13. 2\\ . Thereby, there exists a non-zero A- 
eigenspinor field ip such that 

(3.7) P a V = 0, <e • K;» T • <p, <p) = . 

The second equation of (|3.7|l simply says that the vector field K^° IT is lightlike, which 
means in other words 



tr £ 



k dn {is) =2(n-l)a • 



The first equation of (|3.7p can be reformulated as 

that is, (p is a Killing spinor. It is well known that the Killing number ( = £) has to be either 
real or purely imaginary. But remind that Im(A) > 0, and so A G iW^_. For later use, we 
set A = ifj, with \x a positive real number. We consider now any vector field X G Y(TdQ) 
tangent to the boundary, and we compute 

= V x (w • tp) 

= i(S7xv ■ <p + v ■ Vx<f) 

= i ^Vji/ • — k(X, v)eo ■ —i ^— J v ■ X-J (p 
-0(X) - -k(X,u)eo ■ + X?) <p . 



This finally leads to 

(3.8) VXeT(Tdn), (-9(X) ■ -k(X, u)e ■ + \^\ X^J <p = . 

The condition (|3.8|) notably implies that for any vector field X G F(Tdfl), the vector field 
|— 9(X) — k(X, v)eo + X^ is lightlike, and consequently we have 



(3.9) VXeT(Tdn), k(X,u) 2 = 8(X)-2(^)x 2 

-Tl/ a 
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The striking relation (13. 9|) somehow measures the failure of dQ, to be totally umbilical. We 
now prove that /i = nao. Indeed, using (|3.8p . we compute along the boundary 



£( e i -<P) 



2(n-l)/x 2 

m 



n 



= ^2 ( e j ■ i°( e j) ■ +M e i> ^) e o} • <p) 

3=2 

n 

= ~ X) e i ' {®( e i) ' +M e j> ^) e o} • <P) 

3=2 

= (<P, e • K^ IT • p) , 

which can be written in short as (<p, eo • K^ IT ^) = 2 ^fo-i) \(p\ 2 . Besides, using the second 
equation of (|3.7p . we know that 



= / (eo-KZ T -V,tp) 
Jan 

= / (<p, e • K^ IT • tp) - 2(n - l)a / 
Jan J a 



= 2(n-l)(^-oo) / M 2 , 
v ™ y ./en 

which entails /i = n«o since the eigen-spinor ip cannot vanish identically along 89. Sup- 
pose furthermore, that k d ^(u) = on the boundary, then it is clear from (|3.9|) that 89 is 
a totally umbilical and constant mean curvature hypersurface. ■ 



3.2. APS Boundary Condition. The Atiyah-Patodi-Singer (APS) boundary condition 
was often used in order to prove positive mass theorem for asymptotically flat black holes 
(that is to say for asymptotically fiat manifolds with boundary [HJ E]). More precisely, 
we denote by Tl± the L 2 -orthogonal projections on the spaces of eigenspinors of positive 
(respectively negative) eigenvalues of the Dirac operator of the boundary 2) := ^ eyao 

where -qq denotes the Clifford action with the respect to boundary metric I. In this section, 
our aim is to find a lower bound for |A| 2 where A is any non-zero complex (a priori) number 
involving in the following elliptic first order boundary problem 

Dip = \ip on 
n+(p)=0 on 89 ' 

where D still denotes the Dirac-Witten operator. We first prove that the spectrum of 
(APS) is real. 



(APS) 



3.7. Lemma. The spectrum of (APS) is a discrete set of real numbers. 

Proof: Let A € C be any eigenvalue of (APS) with ip a corresponding eigenspinor field. 
Now, -7v, -q, -on the Clifford actions of respectively 7, g, t satisfy the following relations 



(3.10) 



X - m ip = X -n v -q ip, X -nip = iX - N e -n ip 
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These identities imply D = —v ■ X^ e i ' ^e, i where ■ = -at is still the Clifford action of 7. 
The spinor bundle Sign has a natural L 2 -orthogonal decomposition 



\8Q 



ImlK © Imll_ © Ker£> 



An important fact is that D anticommutes with u-, namely v ■ D = —Dv-. Indeed, for any 
spinor ip € Sign we have 



®(y.^) = -i/-5^ ej --V ej (i/-^) 

J'=2 

= -v ■ ej ■ (v ej {v ■ ip) - ^O(ej) ■ u ■ u ■ ip 

= -v ■ ej ■ (-Ofa) ■ ip + v • V ej ip + ^(eA ■ ip 

= -v ■ ej ■ ■ 0(ej) ■ v ■ ip + u -V ej ip 

= -v ■ 'Dip . 

Thereby, it turns out that v ■ C ^jg^ and v ■ C ^?qq- Remind our integration by 
parts formula (13, ip 



n Jn Jon 

Taking <p a solution of (APS) for an non-zero eigenvalue A and setting ip = ip in the formula 
above, leads to 

But, U + ip = means ip\ dn G £j^ Q © S^, and v ■ C ^f m + gives (f • 93, ^) L 2 (9Q) = 
because of decomposition (|3.1ip . We thus obtain A — A = 0, that is A is real. ■ 

For later use we introduce a geometric quantity. 
3.8. Definition. We set 



H£ PS := inf ( 
u an 



tv e 9- [ (tr e k) 2 + J2 k (^ej) 
i=2 



The second main result of this note is a generalisation of the lower bound of [TT] for the 
Dirac-Witten operator under the (APS) boundary condition (we recover the inequality of 
[TT] when we set k = on Q). 



3.9. Theorem. Let $7 be a compact domain of a spacelike spin hypersurface (M,g, k) which 
satisfies the dominant energy condition along Q (so that 9io ^ 0). The boundary <9Q is 
assumed to verify H^ PS ^ — 2A (the definition of X will be given below). Then under the 
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(APS) boundary condition, the spectrum of the Dirac-Witten operator on $7 is an unbounded 
discrete set of real numbers, such that any eigenvalue satisfies 

(3.12) A 2 > ^-t<Ho . 

(n-1) 

PROOF: The fact that, under the (APS) boundary condition, the spectrum of the Dirac- 
Witten operator on O is an unbounded discrete set of real numbers, has been proved in 
the previous lemma. 



Thanks to the isomorphisms of the several Clifford actions (|3.1Q|) . we can improve ([2 
w v (v) = ^-^^ + ^(tr £ e + {tr £ k)u-eo-k m (u)-e -)^,^ 

where we have defined the vector field K.aps G F(TN\qq) as 

K APS = (tr^)eo - (tv e k)u + k m (u) . 

Let (A m , tpm) m£z the eigenvalues and eigenspinors of 23 (with the convention that A m , < 
if and only if m < 0). If we suppose that 11+ 95 = 0, then ip = (po + Yl Vm, where p m is 

m<0 

the L 2 -orthogonal projection of p on the line M.ip m and ipo G Ker£). We can deduce 



/ w<p(v) = y2 I ((-A m + ^e -K 
Jdn ^<Q Jdn \ 



APS-)^™, P>r, 



It is well known that y(— A m + ■ 'KAPS , ) l fm, t PmJ ^ if the vector field (Kaps— 2A m eo) 
is causal and future oriented, for each integer m < 0. This equivalently means 



1 

2\ 2 



tr^-2A m ^ {(tr e k) 2 + k m (u) 

for every m < 0. This condition will be satisfied if 

(3.13) H^ FS ^ -2A := -2 inf {-A m } . 

As a consequence, if one assumes that (|3.13p holds and that <p is solution of (APS) for a 
non-zero A G R, then (|2.3p implies 

o^(-) a 2 /m 2 - / 

which is possible only if 



3.10. Remark . The boundary assumption Hq ^ — 2A is quite weaker than the one used 
in pj], even for the case k = 0. 



12 



DANIEL MAERTEN 



3.11. Remark . According to the lower bound of C. Bar and O. Hijazi 



(3.i4) A>ivoi(an,£)^y^-^^(afi,£) , 

where < 3f(dQ,£) denotes the Yamabe invariant of the closed manifold (dQ,£), we can replace 
the boundary assumption H^ FS ^ — 2A by the stronger one 



We will use this condition in order to investigate the equality case of {2~ 



The equality case in (|3.12p is not easy to treat in general, but we can however de- 
duce some information under the stronger boundary assumption (|3.14|) introduced in the 
previous remark. 

3.12. Theorem. Let Q be a compact domain of a spacelike spin hypersurface (M,g,k) 
which satisfies the dominant energy condition along (so that ^ OJ. The boundary 
is assumed to have a positive Yamabe invariant and to verify the boundary inequality 

# APS ^ - Vol(an, £) ^ J^^&(dn, £) . Then equality in J^TE) always leads to the 

existence of an imaginary V '-Killing spinor on Q, of Killing number —X/n, and the boundary 
metric I is Einstein with positive scalar curvature on dtl. 

Proof: Suppose that equality holds in (I3.12p . Thereby, there exists a non-zero A- 
eigenspinor field <p such that 

(3.15) P<p = , (e • (K APS - 2Ae ) • <p, <p) = . 

The second equation of (|3.15j) simply says that the vector field (Kaps — 2Aeo) is lightlike, 
which means in other words 

tf APS = -2A , 

but it says that we are in the equality case of (|3.14|) . and so the boundary metric £ is 
Einstein with positive scalar curvature on dQ. 
The first equation of (|3.15l) can be reformulated as 

Vx^+ (- )x-<p = o , vxer(ra), 



n t 

that is, (p is a Killing spinor of Killing number —X/n. 



3.13. Remark . If we replace the boundary assumption of Theorem \S.l 6 A by -ff APS > —2X 
(or by # APS ^ as in [H]J, then equality in \3.1£}\) cannot occur. 

3.3. Modified APS Boundary Condition. The modified Atiyah-Patodi-Singer (mAPS) 
boundary condition was first introduced in [TT]. In this section, our goal is to find a lower 
bound for |A| 2 where A is any non-zero complex (a priori) number involving in the following 
elliptic first order boundary problem 



(mAPS) l^r? ^ n ° n ?io 
y ' y Tl + (ip + u ■ ip) = on oil 



where D still denotes the Dirac-Witten operator. As for the (APS) problem, we first prove 
that the spectrum of (mAPS) is real. 
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3.14. Lemma. The spectrum of (mAPS) is a discrete set of real numbers. 

Proof: Let A £ C be any eigenvalue of (mAPS) with ip a corresponding eigenspinor field. 
We know that 

(A — A) |MIl2(h) = ~ ( v ' <PM i?{ao) 

1 

~2 
= 0, 



(tp + v ■ tp, ip — v ■ if) 
8Q 



since <p + v ■ tp € by definition and tp — v ■ ip E ^\qq- Indeed, we can show that 

Tl + v = idl_ (that is a consequence of v ■ D = —Dv-), and so 

n + (i/ • p — <p) = n + (z/ • <p + v ■ v ■ p) 

= V ■ Ii-((p + v ■ p) 
= v ■ {tp + V ■ if) 
= v ■ tp — (p . 



The third main result of this note is a generalisation of the lower bound of [TT] for the 
Dirac-Witten operator under the (mAPS) boundary condition (we recover the inequality 
of [TT] when we set k = on Q). 

3.15. Theorem. Let Q be a compact domain of a spacelike spin hypersurface (M,g,k) 
which satisfies the dominant energy condition along (so that ^ 0). The boundary 
80, is assumed to verify H^ PS . Then under the (mAPS) boundary condition, the 
spectrum of the Dirac-Witten operator on is an unbounded discrete set of real numbers, 
such that any eigenvalue satisfies 

(3.16) A 2 > y-^rWo • 

Proof: The fact that, under the (mAPS) boundary condition, the spectrum of the Dirac- 
Witten operator on O is an unbounded discrete set of real numbers, has been proved in 
the previous lemma. 
We still have 

u<p{v) = /-Sty + ^e • K APS -<p,<p\ , 

where K.aps has been defined in the previous section. If we suppose that II + (</? + v ■ ip) = 0, 
then we know (see the proof of the lemma above) that ip + v ■ ip € and <p — v ■ tp G Ej^. 
Therefore, 

= - (l)(ip + v ■ ip), p — v ■ p\ 



T)p,ip , 

' L 2 (9Q) 
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where the second line is obtained thanks to the property v ■ D = —Du-. Assume ip is 
solution of (mAPS) for a non-zero A € R, then t)2.3[) implies 



n — 1 



since the condition H^ PS ^ implies that K.aps is causal and future oriented. This leads 
to the desired inequality, namely 



a 2 > r — r^mo . 

(n-l) 



The equality case in (|3.16|) is not easy to treat in general, but we can however deduce 
some information under a natural additional assumption. 

3.16. Theorem. Under the assumptions of Theorem \3.3l equality in h3.ty always leads to 
the existence of an imaginary V -Killing spinor on £1 of Killing number —X/n. If we assume 
furthermore that k^ly) = along the boundary dQ, then dQ is an apparent horizon. 

Proof: Suppose that equality holds in (I3.16p . Thereby, there exists a non-zero A- 
eigenspinor field ip such that 

(3.17) P<f = 0, (eo-K APS -ip,tp) =0 . 

The second equation of (|3.17j) simply says that the vector field Kaps is lightlike, which 
means in other words 

#o APS = , 

and the first one reads as 

Vx<p+(j^\X'<p = o , vxer(rn), 

that is, (p is a Killing spinor of Killing number —X/n. 

If we suppose futhermore k dn (u) = along the boundary dCl, then Hq"^ = can be re- 
formulated as tigO = \trik\ which, in the General Relativity literature, is the condition to 
be an apparent horizon. ■ 



(CHI) 



3.4. Chiral Boundary Condition. In the present section, our aim is to find an estimate 
for the spectrum of the Dirac-Witten operator under a natural boundary condition asso- 
ciated to a chirality operator. It consists on finding a lower bound for |A| 2 where A is any 
non-zero complex (a priori) number involving in the following elliptic first order boundary 
problem 

Dip = Xip on Q 
G(ip) = ip on d£l ' 

where ip is non-zero (eigen-) spinor field, and where G € End [S\an) 1S defined by the 
relation G(ip) = ev ■ eo • ip, with e = ±1. The boundary condition G(tp) = ip was originally 
introduced (as the (APS) condition) to prove some black hole version of the positive mass 
theorem for asymptotically flat manifolds [6j[7]. Some of our arguments appeared first in 
|12j . but our conclusion concerning the equality case is much more stronger. As usual in 
this article, we first prove that the spectrum of (CHI) is real. 
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3.17. Lemma. The spectrum of (CHI) is a discrete set of real numbers. 

Proof: Let A G C be any eigenvalue of (CHI) with tp a corresponding eigenspinor field. 
We know that 

(A — A) IMIl 2 (c) = -{v-<P,<p)ui(dsi) 

= -{v-(p,e -e -ip) L 2 {gu) 
= (u ■ e • v,e • <p) L 2 {m) 
= e(ip,e ■ tp) L 2 {dn) , 
which is real since eo- is Hermitian with respect to the scalar product (*, *). ■ 

For later use we introduce a geometric quantity. 

3.18. Definition. We set 

tf CHI :=inf{tr*0 + e(tr<fc)} . 

The last main result of this note is a generalisation of the lower bound of [H] for the 
Dirac-Witten operator under the (CHI) boundary condition (we recover the inequality of 
[TT] when we set k = on fi). 

3.19. Theorem. Let U be a compact domain of a spacelike spin hypersurface (M,g,k) 
which satisfies the dominant energy condition along (so that D^o ^ 0). The boundary 8ft 
is assumed to verify ^ 0. Then under the (CHI) boundary condition, the spectrum 
of the Dirac-Witten operator on $7 is an unbounded discrete set of real numbers, such that 
any eigenvalue satisfies 

(3.18) |A| 2 ^ y^-^o ■ 

(n - 1) 

Proof: The fact that, under the (CHI) boundary condition, the spectrum of the Dirac- 
Witten operator on is an unbounded discrete set of real numbers, has been proved in 
the previous lemma. 

We now need to give some elementary properties of the boundary spinorial endomorphism 
G (the proof is left to the reader). 

3.20. Proposition. The endomorphism G is symmetric, isometric with respect to (*,*), 
anticommutes to the action of v- and eo-, and commutes to each e^-, (k ^ 2). 

The important fact is that the boundary condition of (CHI) allows us to express the 
boundary integrand of (|3.4h in terms of the extrinsic curvature tensors k and 6. 

3.21. Lemma. If G(ip) = cp then along the boundary Oil we have 

(3.19) u) v {y) = - {tr e 6 + e(tr e k)) M 2 . 



Proof of Lemma 13.211 : We use Equation (|2~ 

Utp{v) = (v • ej ■ V ej <p + ^((tr fl fe)i/ • e • -k(u) ■ e • +(tr e 6)^(p,<p\ 

= (v ■ ej • V ej (f + ^(tr^fe)z/ • e • -k 9n (u) ■ e • +(tit0f)<p,<p 
= -(triO + E(trek)) \<p\ 2 . 
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when we take Proposition 13.201 and the assumption G{ip) = tp into account. Assume <p> is 
solution of (CHI) for a non-zero A G E, then (12. 3|) implies 



since the condition -f^p 111 ^ induces the non-negativity of the boundary integral in (|2.3p . 
This leads to the desired inequality, namely 

A 2 > ^-r^o • 
(n-1) 



On the contrary to the other boundary conditions, equality case in (|3.18p can be treated 
in general. 

3.22. Theorem. Under the assumptions of Theorem \3.19\, equality in 113. 18\) always leads 
to the existence of an imaginary V -Killing spinor on ft of Killing number —X/n, and the 
second fundamental form of dQ, is proportional to k dn , since 

6 + ek 9n = . 

In particular, dQ is an apparent horizon. 

Proof: Suppose now that equality holds in (I3,18p . Thereby, there exists a non-zero 
A-eigenspinor field ip such that 

(3.20) Pip = , HS m = . 

The second equation of (|3.20p simply says that tr^ + e(trf/c) = on d£l. The first equation 
of (|3.20p can be reformulated as 

v x <p + (^)x -<p = o , vxer(rn), 

that is, p> is a Killing spinor. We consider now any vector field X € T(Td£l) tangent to 
the boundary, and we compute 

-)X-ip = V x p 
n J 



eV x (y ■ e • (p) 

e{{V x v) ■ e • <p + v • (Vxe ) • <p + v • e • V ' x p) 

e (v x v ■ e • ~k(X, v) - v ■ k(X) ■ - (£j v ■ e • X^j p> 

e( - 9(X) ■ e • -k(X, v)-v k{X) -)<p-( 



'X-<p 
n ' 



This finally leads to (after a left multiplication by eo-) 

(3.21) VI e r(T90) , (9(X) ■ -k(X,u)e o -+u-e o -k(X)-)ip = 
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The condition (|3.21|) can be improved, using once again G(np) = ip 
= (0(X)--k(X,v)e o -+v-e o -k(X)-)<p 

= (e(X) ■ -k(X, u)e -+v-e - k m (X) ■ +v ■ e ■ k(X, u)v^j ip 

= (6{X)-+ve Q -k dn {X)^ 

= (0(X) + ek m (X))-<p, 

for every X tangent to the boundary. This induces 9 + ek dn = on dQ. ■ 



3.23. Remark . The Gauss equation explicitely gives the Ricci curvature of g restricted to 
the boundary when equality is achieved in \3. 18\) 

(n - 1) K ' 

= %^!Al _ (tv e k)k m + k m o k m , 
(n - 1) y ' 

since £ is an Eintein Yamabe metric, and 6 + ek 9 ^ 1 = on dQ, (e 2 = 1). 
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